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Two-dimensional solutions of the electric current, magnetic ﬁeld and magneto elastic stress are pre-
sented for a magnetic material of a thin inﬁnite plate containing an elliptical hole with an edge crack
under uniform electric current. Using a rational mapping function, the each solution is obtained as a
closed form. The linear constitutive equation is used for the magnetic ﬁeld and the stress analyses.
According to the electro-magneto theory, only Maxwell stress is caused as a body force in a plate which
raises a plane stress state for a thin plate and the deformation of the plate thickness. Therefore the mag-
neto elastic stress is analyzed using Maxwell stress. No further assumption of the plane stress state that
the plate is thin is made for the stress analysis, though Maxwell stress components are expressed by non-
linear terms. The rigorous boundary condition expressed by Maxwell stress components is completely
satisﬁed without any linear assumptions on the boundary. First, electric current, magnetic ﬁeld and stress
analyses for soft ferromagnetic material are carried out and then those analyses for paramagnetic and
diamagnetic materials are carried out. It is stated that the stress components are expressed by the same
expressions for those materials and the difference is only the magnitude of the permeability, though the
magnetic ﬁelds Hx, Hy are different each other in the plates. If the analysis of magnetic ﬁeld of paramag-
netic material is easier than that of soft ferromagnetic material, the stress analysis may be carried out
using the magnetic ﬁeld for paramagnetic material to analyze the stress ﬁeld, and the results may be
applied for a soft ferromagnetic material. It is stated that the stress state for the magnetic ﬁeld Hx, Hy
is the same as the pure shear stress state. Solving the present magneto elastic stress problem, dislocation
and rotation terms appear, which makes the present problem complicate. Solutions of the magneto elas-
tic stress are nonlinear for the direction of electric current. Stresses in the direction of the plate thickness
are caused and the solution is also obtained. Figures of the magnetic ﬁeld and stress distribution are
shown. Stress intensity factors are also derived and investigated for the crack length and the electric cur-
rent direction.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
In materials, there are some defects like cracks and voids; there-
fore, the investigation of structural integrity and material deterio-
ration are important to magnetic materials exposed to
electromagnetic ﬁeld. Also in modern technology, electric current
operates in components such as power semiconductor devices,
large scale integrated circuits, and huge electromagnetic systems.
Therefore, many magnetic stress analyses have been carried out.
Some reviews for magneto-solid mechanics were given by Paria
(1967), Moon (1978, 1984), Pao (1978), Liang et al. (2002) and Fang
et al. (2008). Hasebe et al. also gave some references in (2007,ll rights reserved.
oya Institute of Technology,
+81 52 876 5015.2008, 2009a, 2009b, 2010a, 2010b). There are some models for
the magneto stress analysis for soft ferromagnetic materials, i.e.,
Maxwell stress, pole, dipole, and Ampere current models (Moon,
1978, 1984). As a pioneer work, Pao and Yeh (1973) developed a
linear theory for a soft ferromagnetic elastic solids based on the
magnetic dipole model.
From amathematical point of view, Maxwell’s equations require
a solution of certain boundary value problems, which are essen-
tially three-dimensional ones for the magnetic ﬁeld. Generally
speaking, because three-dimensional boundary value problems
are more difﬁcult than those of two-dimensional one, many prob-
lems have been modeled and analyzed as the two-dimensionalized
problems. Though one of the most important things is to obtain the
magnetic ﬁeld in the magnetic material of two-dimension, it seems
not to be easy to make the two-dimensional model of the magnetic
ﬁeld. However, when the plate is thin, the magnetic ﬁeld in the
3398 N. Hasebe / International Journal of Solids and Structures 47 (2010) 3397–3411plate with a hole can be obtained. Therefore, the analysis of the
magnetic ﬁeld is carried out for the thin plate and also plane stress
analysis can be applied, because the plate is thin.
According to the electro-magneto theory, only Maxwell stress
components are caused as the body force in the magnetic material;
therefore, Maxwell stress is considered for the stress analysis. No
further assumptions for the magnetic stress analysis are made ex-
cept the assumption of the plane stress state that the plate is thin,
though Maxwell stress components and the boundary condition
are expressed by the nonlinear terms of Maxwell stress compo-
nents. The analysis is straightforward and the results of the stress
seem to be acceptable. Electric current gives rise to electromag-
netic ﬁeld, and then causes electromagnetic force, Joule heat, tem-
perature increase, heat ﬂux and thermal stress. In the previous
paper, analyses of electric current, Joule heat, temperature, heat
ﬂux and thermal stress caused by steady state electric current in
a thin inﬁnite plate containing an elliptical hole (Hasebe et al.,
2009a) and with an edge crack (Hasebe et al., 2010a) and a strip
with an edge notch or crack (Hasebe, 2010b) were reported. The
magneto elastic stress caused by the magnetic ﬁeld induced by
electric current in a thin inﬁnite plate with an elliptical hole is ana-
lyzed by Hasebe et al. (2009a).
In the present paper, magnetic ﬁeld due to electricity and then
the magneto elastic stress caused by steady state electric current in
a thin inﬁnite plate containing an elliptical hole with an edge crack
are analyzed. Intensities of the magnetic ﬁeld component and
stress intensity factors at the crack tip are obtained.
Hasebe et al. analyzed the magnetic stress in an inﬁnite plate
with a square hole with an edge crack (2001), or an arbitrary hole
(2007) subjected to the uniform magnetic ﬁeld in the plate. The
relationship between the magnetic stress analyses of Hasebe
et al. (2001, 2007) and the present paper subjected to the magnetic
ﬁeld caused by the electric current is stated. One of the main rea-
sons for the difﬁculty of solving the present problem is that it
seems to achieve the two-dimensional magnetic ﬁeld in the plate
containing an elliptical hole with an edge crack under uniform
electric current. Another issue may be that Maxwell stress compo-
nents and the boundary conditions are expressed by nonlinear
terms. In the present stress analysis, a dislocation and rotation
terms appear, which also complicates the problem. The electric
conductor is isotropic and homogenous in the plate. The plate is
thin; therefore, it is assumed that the electric current density is
uniform through the plate thickness. It is also assumed that the
material constants do not depend on temperature.
Using a rational mapping function, closed form solutions are ob-
tained for each problem of the electric current, magnetic ﬁeld, and
magnetic stress. To the best of our knowledge, though the present
problem is one of the fundamental problems, it seems not to have
been solved analytically.2. Mapping function
The coordinate axes shown in Fig. 1 are denoted by x, y and z,
respectively. The complex variable ‘‘w” is deﬁned as w = x + iy toMaterial 2
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Fig. 1. Inﬁnite thin plate containing an elliptical hole with an edge crack under
uniform steady electric current with d direction.avoid confusion for ‘‘z” of the coordinates. The mapping function
which maps the exterior of the elliptical hole containing an edge
crack in the w-plane to the exterior of the unit circle in the f-plane
shown in Fig. 2 is given by the following equation (Hasebe and
Chen, 1996; Hasebe et al., 2010a):
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where a and b are the semi-axes of the elliptical hole, and c is the
crack length. When a mapping function is a rational one, closed
form stress functions are obtained (Muskhelishvili, 1963). Because
(1) is not a rational function, a rational mapping function is formed
as a sum of fractional expressions to facilitate the basic requirement
for a closed form solution. The rational mapping function is formed
as
w ¼ xðfÞ ¼ F0fþ
Xn
k¼1
Fk
fk  f
þ F25
f
þ Fc ð3Þ
where n = 24 is used in this paper, and F0, Fk (k = 1,2, . . . ,25) and Fc
are constants. Poles fk (k = 1,2, . . . ,n) are located inside the unit cir-
cle. The formulation of this rational mapping function was stated in
(Hasebe and Horiuchi, 1978; Hasebe and Wang, 2005). When coef-
ﬁcients Fk = 0 (k = 1,2, . . . ,n), F0 = (a + b)/2 and F5 = (a  b)/2, the
hole becomes an elliptical one where ‘a’ and ‘b’ are semi-axes of
the elliptical hole. And the hole is a circle for a = b(k = 1), and a crack
for b = 0 (k = 0). The magnitude of a radius, q, of curvature at the
crack tip of (3) is q/a = 109  1011 which depends on the crack
length, and is very small. The radii of curvature at convex points
K and H are also small, reaching zero for irrational mapping function
(1).
One of the main merits using a rational mapping function is that
stress functions achieved are exact ones for the geometrical shape
represented by the rational mapping function. A rational mapping
function of a sum of fraction expressions is also applied to any
complicated conﬁguration in principle (Hasebe and Horiuchi,Fig. 2. Elliptical hole with an edge crack in an inﬁnite plate and a unit circle.
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technique can be also applied to a crack problem directly to calcu-
late stress intensity factor.
3. Electric current analysis
The electric current analysis was stated in (Hasebe et al.,
2010a). Therefore, only the results are stated in the present paper.
The electric current density is j0 per unit area and the direction is d
radian (see Fig. 1). When the electric potential function, /r(x,y), and
the conjugate harmonic function /i(x,y) of /r(x,y) are introduced,
the electric current density is expressed as follows:
jxðx; yÞ ¼ @/rðx; yÞ=@x; jyðx; yÞ ¼ @/rðx; yÞ=@y ð4a;bÞ
and the following electric complex potential function is deﬁned:
CðwÞ ¼ /rðx; yÞ þ i/iðx; yÞ ð5Þ
where w is the complex variable. Using the complex potential func-
tion, C(w) = C(x(f))  C(f), the components of electric current are
given by (4a,b) and (5) as follows:
jxðx; yÞ  ijyðx; yÞ ¼ @/r=@xþ i@/r=@y ¼ dCðwÞ=dw
¼ C 0ðfÞ=x0ðfÞ ð6Þ
The electric potential is derived from (5) as
/rðx; yÞ ¼ ½CðwÞ þ CðwÞ=2  ½CðfÞ þ CðfÞ=2 ð7Þ
The electric current is decomposed into states 1 and 2 shown in
Fig. 3. Then the electric complex potential function,C(f), to be
achieved is expressed by the superposition of states 1 and 2, i.e.
CðfÞ ¼ C1ðfÞ þ C2ðfÞ ð8Þ
where C1(f) and C2(f) are represented as follows:
C1ðfÞ ¼ j0xðfÞeid ð9Þ
C2ðfÞ ¼ j0eid
Xn
k¼1
Fk
fk  f
þ F25
f
 !
 j0eid
F0
f
¼ j0eidfxðfÞ  F0f Fcg  j0eidF0=f ð10Þ
where the constant term appearing becomes zero because C2(1) = 0
at the remote ﬁeld. It is noticed that (10) can be also expressed by
the irrational mapping function (1). The function, C(f), of (8) is then
obtained as follows:δ
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Fig. 3. States 1 and 2 in an inﬁnite plate without and with a hole, reCðfÞ ¼ j0ðeidF0fþ eidF0=fÞ ð11Þ
It is noticed that (11) is expressed by only F0 in the mapping func-
tion; therefore, the rational mapping function (3) is not needed and
the irrational (1) is applicable to calculate components of electric
current for (6). The coefﬁcient F0 is obtained from (1) as
F0 ¼ að1þ kÞð1þ h1Þ=2 ð12Þ4. Analysis of the magnetic ﬁeld for a soft ferromagnetic
material
The magnetic ﬁeld in the thin plate (jzj 6 h/2, material 2, see
Fig. 1) is analyzed. Because a linear constitutive equation of the
magnetic material is considered in this paper, the basic equations
in the thin plate are expressed by the magnetic ﬁeld intensity as
follows:
@Hz
@y
 @Hy
@z
¼ jxðx; yÞ;
@Hx
@z
 @Hz
@x
¼ jyðx; yÞ;
@Hy
@x
 @Hx
@y
¼ 0 ð13a—cÞ
and
@Hx=@xþ @Hy=@yþ @Hz=@z ¼ 0 ð14Þ
The magnetic ﬁeld intensity should satisfy the following condition
at the remote ﬁeld under uniform electric current:
Hzðx; y; zÞ ¼ 0 ðjxj ! 1; jyj ! 1Þ ð15Þ
In the space of air (material 1) surrounding material 2, the basic
equations to be satisﬁed are (13) and (14) without the electric cur-
rent terms.
These equations must be solved under the following boundary
conditions for normal and tangential components, respectively, at
the entire surfaces S1, S2 and S3 between materials 1 and 2:
ðBð2Þ  Bð1ÞÞ  n ¼ ðlð2ÞHð2Þ  lð1ÞHð1ÞÞ  n ¼ 0
ðHð2Þ  Hð1ÞÞ  n ¼ 0
ð16a;bÞ
where B(2), H(2), l(2) and B(1), H(1), l(1) are the magnetic induction
ﬁeld, the magnetic ﬁeld intensity and the magnetic permeability
of materials 2 and 1, respectively; n is a unit normal vector at the
interface. Eqs. (16a) and (16b) denote the continuity of the mag-
netic induction ﬁeld normal to and the magnetic ﬁeld intensity tan-
gential to the interface, respectively. In (13), the surface current+
+
2 2
2
2 2
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Fig. 4. Boundary condition of the magnetic ﬁeld on surface S3.
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electric current is assumed not to vary through the plate thickness
in the present paper.
The exact magnetic ﬁeld problem is a three-dimensional one
and is difﬁcult to solve exactly; therefore assumptions appropriate
for the type of material are made (Hasebe et al., 2008) i.e., perme-
ability of a soft ferromagnetic material, l(2), is much larger than
that of air, l(1), surrounding material 2; therefore, l(1)/l(2)  0.
4.1. Magnetic ﬁeld Hx(x,y, z) and Hy(x,y,z) in material 2
The magnetic ﬁelds of Hx(x,y,z) and Hy(x,y,z) in the plate are
caused by the electric current density j0 and through the surfaces
1 and 2 with the electric current density j0h/a, respectively, as sta-
ted in (Hasebe et al., 2008). In this case, the z component of the
magnetic ﬁeld intensity is Hz(x,y,z) = 0 (jzj 6 h/2) in the whole
plate, and the superscript (2) is omitted here. Therefore, the anal-
yses with the electric current densities j0h/a and j0 can be per-
formed simultaneously, where the total current density is
j0(1 + h/a).
In this case the basic equations that govern Hx(x,y,z), Hy(x,y,z)
are expressed from (13c) and from (14) by
@Hy=@x @Hx=@y ¼ 0; @Hx=@xþ @Hy=@y ¼ 0 ð17a;bÞ
In the present problem, the magnetic ﬁeld intensities in the plate,
expressed by (13a, b), are
@Hy=@z ¼ jxðx; yÞ; @Hx=@z ¼ jyðx; yÞ ð18a;bÞ
and after integration,
Hxaðx; y; zÞ ¼ jyðx; yÞz; Hyaðx; y; zÞ ¼ jxðx; yÞz ð19a;bÞ
where the both integral constants appearing are zero, because of
anti-symmetry with respect to the middle plane of the plate, z = 0,
and the subscript, ‘‘a”, is used in (19) to avoid confusion.
On surface S3, the following boundary condition from (16a)
must be satisﬁed under the condition l(1)/l(2)  0:
Hð2Þ  n ¼ 0 ð20Þ
The boundary conditions of (16a) on surfaces S1 and S2 have been
already satisﬁed, because Hz(x,y,z) = 0 (jzj 6 h/2).
From the arguments mentioned above, this magnetic ﬁeld prob-
lem is mathematically equivalent to the electric current problem
(Hasebe et al., 2008). Introducing the magnetic complex potential
function A(w) = A(x(f))  A(f), the components of the magnetic
ﬁeld intensity are calculated from the following equation:
Hxðx; y; zÞ  iHyðx; y; zÞ ¼ dAðwÞ=dw ¼ A0ðfÞ=x0ðfÞ ð21Þ
The boundary condition on surface S3 (see Hasebe et al., 2007, 2008)
is expressed as:
AðwÞ  AðwÞ ¼ AðrÞ  AðrÞ ¼ 2i
Z
Hð2Þ  ndsþ constant ð22Þ
where r denotes f on the unit circle in the f plane.
The components of the magnetic ﬁeld intensity in (19) are ex-
pressed by function C(f) of (11) in the f plane as follows:
Hxaðx; y; zÞ  iHyaðx; y; zÞ ¼ izfjxðx; yÞ  ijyðx; yÞg ¼ iz
dCðwÞ
dw
¼ iz C
0ðfÞ
x0ðfÞ ð23Þ
The electric current density in function C(f) in this case is given by
j0(1 + h/a). However this magnetic ﬁeld intensity (19) does not sat-
isfy the boundary condition given by (20). The magnetic complex
potential function to be achieved is expressed as follows:AðfÞ ¼ A1ðfÞ þ izCðfÞ ð24Þ
Substituting the equation above and the boundary condition (20)
into (22); multiplying the resultant equation by dr/[2pi(r  f)],
where f is a point outside of the unit circle; and applying the Cau-
chy integral on the unit circle in the clockwise direction, the func-
tion, A1(f), is obtained as follows:
A1ðfÞ ¼ 2ij0ð1þ h=aÞzeidF0=fþ constant ð25Þ
The constant term becomes zero because A1(1) = 0 at the remote
ﬁeld. Therefore, (24) is expressed as
AðfÞ ¼ ij0ð1þ h=aÞzðeidF0f eidF0=fÞ ð26Þ
From the equation above and (21), the magnetic ﬁeld intensity com-
ponents, Hx(x,y,z) and Hy(x,y,z), are calculated. It is also noticed that
the only coefﬁcient F0 of the mapping function (3) is included as
well as (11).
The components of magnetic ﬁeld intensity normal and tangen-
tial to the curvilinear coordinates expressed by the mapping func-
tion (3) are calculated by the following equation:
Hr  iHh ¼ eibðHx  iHyÞ ð27Þ
eib ¼ fx0ðfÞ=jfx0ðfÞj ð28Þ4.2. Magnetic ﬁeld Hz in material 2
The magnetic ﬁeld intensity Hz in material 2 is caused through
surface S3 from the outside of material 2. From the boundary con-
dition of the magnetic ﬁeld on surface S3 for a soft ferromagnetic
material shown in Fig. 4, the magnetic induction ﬁeld Bn normal
to surface S3 can be assumed to be zero because l(2)	 l(1) and
the magnetic ﬁeld intensity Hz in the direction of the plate thick-
ness arises on surface S3. Through surface S3, the component,
Hð2Þz2 , is caused in material 2 by the electric current of state 2 in
Fig. 3 where the component Hð2Þz1 is zero in state 1 (Hasebe et al.,
2008) and components Hx, Hy do not arise through surface S3. Be-
cause the components Hð2Þz2 – 0 and Hx = Hy = 0 must satisfy Max-
well equations in material 2, the following equations are
obtained from (13a, b):
@Hz2=@y @Hy=@z ¼ @Hz2=@y ¼ ðh=aÞjx2ðx; yÞ
@Hx=@z @Hz2=@x ¼ @Hz2=@x ¼ ðh=aÞjy2ðx; yÞ
ð29a;bÞ
where the subscript 2 of Hz means the magnetic and electric com-
ponents in state 2 in Fig. 3 and superscript (2) is omitted. The value
h/a in (29) comes from the electric current density due to Biot–
Sarvart law (Hasebe et al., 2008). The following equation can be de-
rived from (29):
@Hz2
@y
dyþ @Hz2
@x
dx ¼ dHz2 ¼ ha ðjx2ðx; yÞdy jy2ðx; yÞdxÞ
¼ h
a
 @/r2
@x
dyþ @/r2
@y
dx
 
¼ h
a
 @/i2
@y
dy @/i2
@x
dx
 
¼ h
a
ðd/i2Þ ð30Þ
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(see Fig. 3 and (4)). Therefore, Hz2(x,y) is obtained as follows:
Hz2ðx; yÞ ¼ ðh=aÞð/i2ðx; yÞÞ ¼ ðh=2iaÞfC2ðwÞ  C2ðwÞg
¼ Hzðx; yÞ ð31Þ
where the function, C2(w), is given by (10) and Hz1(x,y) = 0 (see
Fig. 3).
Figs. 5 and 6 show the non-dimensional magnetic ﬁeld distribu-
tions. The positive direction of Hh is the counterclockwise direction
in Fig. 5. The Hy values at the remote ﬁeld approach to 1. At the
crack tip, Hy becomes inﬁnity. At the corner K (H, see Fig. 1), the
component Hh is zero because the corner is convex. The Hz values
at the remote ﬁeld approach to zero because the electric current
becomes uniform. The crack tip is not a singular point for the Hz va-
lue and the magnitude depends on the thickness of the plate (see
(31)). The magnetic ﬁeld intensity Hð1Þz of material 1 on surfaces 1
and 2 is given from the boundary conditions by
Hð1Þz ¼ lð2ÞHð2Þz =lð1Þ  lð2ÞHð2Þz =l0 ð32Þ
where l0 = 4p/107(N/A2) is the magnetic permeability of free space
(vacuum). Therefore, the Hð1Þz value is extremely large around the
hole.Fig. 5. Distributions of non-dimensional magnetic ﬁeld Hy, Hh/{j0(1 + h/a)z} for b/
a = 0.5: c/a = 0.5 (solid line), c/a = 1 (dotted line), c/a = 2 (dash-dotted line) and d = 0
along the x-axis and the upper boundary surface.
Fig. 6. Distributions of non-dimensional magnetic ﬁeld Hz/(j0h) for b/a = 0.5: c/
a = 0.5 (solid line), c/a = 1 (dotted line), c/a = 2 (dash-dotted line) and d = p/2 along
the x-axis and the upper boundary surface.5. Maxwell stress components and the property
In the present paper, the Maxwell stress is used for stress anal-
ysis of a soft ferromagnetic material (a linear magnetic material).
The magnetic ﬁeld inﬂuences the elastic body through the Lorentz
body force in equilibrium equations as (Paria, 1967; Moon, 1984)
@rik=@xk þ ðj  BÞi ¼ 0 ði; k ¼ 1;2;3Þ ð33Þ
where j is the electric current vector and B is the magnetic induc-
tion ﬁeld vector. When the linear constitutive equation in which
relation between the magnetic induction ﬁeld B and the magnetic
ﬁeld intensity H is linear is considered, the body force is expressed
by the following equation:
ðj  BÞi ¼ ððr  HÞ  lHÞi  @sik=@xk ði; k ¼ 1;2;3Þ ð34Þ
where sij is Maxwell stress tensor,
sij¼l
1=2 H2x H2y H2z
 
HxHy HxHz
HyHx 1=2ðH2y H2z H2x Þ HyHz
HzHx HzHy 1=2 H
2
z H2x H2y
 


ð35Þ
and l is the permeability of the magnetic material and is expressed
by
l ¼ l0ð1þ vÞ ð36Þ
where v is the susceptibility and a constant value for a linear mag-
netic material; therefore, the magnetic saturation and the hystere-
sis are not considered. In the following equation, the superscript 2
of l for material 2 is omitted except for special case.
Fig. 7a and b show Maxwell stress components symmetric and
asymmetric to the z = 0 plane, respectively, of which mechanical
properties under the electric current were investigated in (Hasebe,
2009b). The results are brieﬂy mentioned here. The stress compo-
nent 1=2l H2z  H2x  H2y
 
in the z direction in Fig. 7a rises to the
deformation of the plate thickness. The stress components except
for 1=2l H2z  H2x  H2y
 
in Fig. 7a apply in the z plane. The contri-
bution of the components lHxHz and lHyHz in Fig. 3b to the shear
deformation is small, because the result forces are zero when the
plate thickness is thin, and the resultant moments by the compo-
nents about the y and x axes, respectively, are zero.
From the statement above, when the plate is thin, sxz = syz = 0
can be assumed, and the stress analysis is carried out as a plane
stress state (generalized plane stress state) as well as a stress anal-
ysis of rz in the direction of the plate thickness.
6. Boundary condition of magnetic stress for a soft
ferromagnetic material
The components of magnetic ﬁeld intensity,Hx, Hy, in the plate
(jzj 6 h/2) are given by (21) and (26), and Hz (x,y)(=Hz2(x,y)) is gi-
ven by (31). The discontinuity of Maxwell stress between materials
1 and 2 applies as external force to material 2. The magnetic induc-
tion ﬁeld Bn normal to the surface and the magnetic ﬁeld intensity
Ht tangential to the surface between materials 1 and 2 must be
continuous on the boundary surface (see (16a,b)); therefore,
ðBnÞ1 ¼ ðBnÞ2  Bn; ðHtÞ1 ¼ ðHtÞ2  Ht ð37a;bÞ
where the subscripts 1 and 2 correspond to materials 1 and 2. Max-
well stress on the surface with the unit normal vector n is presented
by
Tn ¼ HBn  12 ðH  BÞn ð38Þ
(a) (b)
z
y
x
2 2 21
2 ( )y z xH H Hμ − −
2 2 21
2 ( )x y zH H Hμ − −
2 2 21
2 ( )z x yH H Hμ − −
y xH Hμ x y
H Hμ
z xH Hμ z y
H Hμ
z
y
x
y zH Hμ
x zH Hμ
Fig. 7. Maxwell stress components.
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rials 2 to 1 on the surface. Considering (38), and
ðBnÞ1 ¼ lð1ÞðHnÞ1; ðBnÞ2 ¼ lð2ÞðHnÞ2 ð39a;bÞ
the discontinuity of Maxwell stress between materials 1 and 2 is ex-
pressed as follows:
Tn1  Tn2 ¼ ðHBnÞ1  ðHBnÞ2 
1
2
fðH  BÞ1  ðH  BÞ2gn
¼ B
2
n
lð1Þ
nþHtBn
( )
1
 B
2
n
lð2Þ
nþHtBn
( )
2
 1
2
B2n
lð1Þ
þ lð1ÞH2t
 !
1
n B
2
n
lð2Þ
þ lð2ÞH2t
 !
2
n
( )
¼ 1
2
1=lð1Þ  1=lð2Þ	 
B2n  lð1Þ  lð2Þ	 
H2th in  Tnn ð40Þ
The magnetic stress Tn applies from materials 2 to 1 normal to the
surface of material 2. Therefore, the magnetic stress applied to
material 2 is given by Tn.
Each magnetic stress on surfaces S3, S1 and S2 (see Fig. 1) is pre-
sented as follows:
6.1. Boundary surface S3
On surface S3, the magnetic ﬁeld intensities are
Bn  lð2ÞHð2Þr ¼ 0; H2t ¼ H2z þ H2h ð41a;bÞ
where (41a) is given by (20), and Hh is the magnetic ﬁeld intensity
along the boundary surface (see (27)), and Hz is the magnetic ﬁeld
intensity in the direction of the plate thickness on surface S3 (see
Fig. 4) and (31). The discontinuous magnetic stress on surface S3
is given from (40) and (41) by the following equation:
Tn ¼ Tn1  Tn2 ¼ 12 ðl
ð1Þ  lð2ÞÞ H2t
 
 1
2
lð2Þ H2z þ H2h
 
ð42Þ
This magnetic stress component applies on surface S3 and contrib-
utes to the boundary condition of the plane stress state. The compo-
nents 1=2l H2x  H2y  H2z
 
;1=2l H2y  H2z  H2x
 
and lHxHy = lHyHx
in Fig. 7a contribute to the plane elastic deformation and the mag-
netic stress on the boundary is given by (41). Because the plate
thickness is thin, the shear stress components can be assumed to
be sxz = syz = 0. Therefore, a plane stress state is analyzed in the next
section.
6.2. Boundary surfaces S1 and S2
The magnetic components on surfaces S1 and S2 from (16), (31),
(21) and (26) areBn ¼ lð1ÞHð1Þz ¼ lð2ÞHð2Þz ; H2t ¼ H2x þ H2y ð43a;bÞ
These magnetic stress components contribute to the deformation of
the plate thickness because the values of (43) are the same magni-
tude with the opposite directions on surfaces S1 and S2, respectively.
The magnetic stress (40) on surfaces S1 and S2 of z = ±h/2 is
Tn ¼ Tn1  Tn2 ¼ 12 ð1=l
ð1Þ  1=lð2ÞÞðlð2ÞHð2Þz Þ2
 1
2
ðlð1Þ  lð2ÞÞ H2t
 
H2t ¼ H2x þ H2y
ð44a;bÞ
The component 1=2l H2z  H2x  H2y
 
in Fig. 7a contributes to the
deformation of the plate thickness. The variation of the magnetic
momentum (equilibrium equation) on surfaces S1 and S2 is
rz þ 12l
ð2Þ H2z  H2x  H2y
 
þ Tn ¼ pzð¼ 0Þ ð45Þ
where pz is the external force. The stress component rz is derived in
Section 8.
As mentioned in the previous section, the Maxwell stress com-
ponents contribute to the deformation as the body force in the
plate and the equilibrium Eq. (33) is divided into the following
two equilibrium equations due to the contribution of Maxwell
stress components to the deformation:
It is necessary to state that the out of plate bending due to the
bending moment is not caused by Maxwell stress called Lorentz
body force shown in Fig. 7 and also the magnetic force on the
boundary (40). Naturally, this fact can be easily noticed from that
the plate is symmetric to the z = 0 plane.
7. Analysis of plane stress problem
When the plate is thin and the stress components sxz = syz = 0
are assumed, the following equations are solved under the bound-
ary condition (42) as a plane stress problem:
@
@x
rx þ 1=2l H2x  H2y  H2z
 n o
þ @
@y
fsxy þ lHxHyg ¼ 0
@
@x
syx þ lHyHx
 þ @
@y
ry þ 1=2lðH2y  H2z  H2x Þ
n o
¼ 0
ð46a;bÞ
For convenience, the plane stress analysis of (46) is divided into two
stress states, i.e., stress states (a) and (b) as follows:
Stress state (a):@rxa
@x
þ @sxya
@y
þ l 1
2
@
@x
H2x  H2y
 
þ @
@y
HxHy
	 
  ¼ 0
@sxya
@x
þ @rya
@y
þ l 1
2
@
@y
H2y  H2x
 
þ @
@x
ðHyHxÞ
 
¼ 0
ð47a;bÞ
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@rxb
@x
þ @sxyb
@y
 1
2
l @ðHzÞ
2
@x
¼ 0
@sxyb
@x
þ @ryb
@y
 1
2
l @ðHzÞ
2
@y
¼ 0
ð48a;bÞ
7.1. Analysis of stress state (a)
The following Airy stress function Fa(x,y) automatically satisfy-
ing (47) is introduced:
rx þ 12l H
2
x  H2y
 
 rxa ¼ @2Fa=@y2
ry þ 12l H
2
y  H2x
 
 rya ¼ @2Fa=@x2
sxy þ lHxHy  sxya ¼ @2Fa=@x@y
ð49a—cÞ
Then the magneto elastic stress components of (49), rxa, rya, sxya,
must satisfy the following compatibility equation aswell as the equi-
libriumequation, because thecorrespondingdeformation to themag-
neto elastic stress must be a single valued and continuous function:
1
1þ m
@2
@y2
ðrxa  mryaÞ þ 11þ m
@2
@x2
ðrya  mrxaÞ ¼ 2 @
2sxya
@x@y
ð50Þ
where m is a Poisson’s ratio of material 2 (Muskhelishvili, 1963).
Substituting (49) into (50), a bi-harmonic homogenous equation is
achieved. When the components of the mechanical elastic stress,
rx, ry, sxy, are substituted into the compatibility equation, the bi-
harmonic homogenous equation is also achieved because the mag-
netic ﬁeld intensities Hx(x,y,z), Hy(x,y,z) are harmonic functions,
and the same result is achieved (Hasebe et al., 2007).
The solution of the bi-harmonic homogenous equation is ex-
pressed by two analytic functions ua(w) and wa(w) as
Fa ¼ 12 wuaðwÞ þwuaðwÞ þ
Z
waðwÞdwþ
Z
waðwÞdw
 
ð51Þ
The variation of the magnetic momentum on the boundary (stress
boundary conditions) for stress state (a) are expressed using the
term H2h in (42) by
rxalþ sxyamþ Tnl ¼ pxð¼ 0Þ
sxyalþ ryamþ Tnm ¼ pyð¼ 0Þ
Tn ¼ Tn1  Tn2 ¼ 12 ðl
ð1Þ  lð2ÞÞðH2hÞ 
1
2
lð2ÞH2h
ð52a—cÞ
where l and m are the direction cosines of the exterior unit normal
to the boundary; px and py are components of the external traction
on the boundary. Using (49), and (51), the boundary condition (52)
is expressed as follows:
uaðwÞ þwu0aðwÞ þ waðwÞ ¼
1
2
ðlð1Þ  lð2ÞÞ
Z
H2hdwþ i
Z
ðpx
þ ipyÞds ð53Þ
The following functions using the mapping function (3) are
introduced,
uaðwÞ ¼ ua½xðfÞ  UaðfÞ; waðwÞ ¼ wa½xðfÞ  WaðfÞ ð54a;bÞ
Using (54), (21), (27) and the mapping function (3), (53) is ex-
pressed as follows:
UaðrÞ þxðrÞU
0
aðrÞ
x0ðrÞ þWaðrÞ
¼ 1
2
ðlð1Þ  lð2ÞÞ
Z
H2hx
0ðrÞdr¼ 1
2
ðlð1Þ  lð2ÞÞ
Z
e2ibðHx þ iHyÞ2dw
¼ 1
2
ðlð1Þ  lð2ÞÞ
Z
ðHx  iHyÞ2dw
¼ 1
2
ðlð1Þ  lð2ÞÞ
Z
 A
0ðrÞ
x0ðrÞ
 2
x0ðrÞdr ð55Þ
where r denotes a coordinate on the unit circle in the f-plane, and
Hr = 0 on the surface S3 (see (20) and (27)). The external force
px = py = 0 is taken without any loss of generality.
Multiplying dr/[2pi(r  f)] to (55), and carrying out Cauchy
integration on the unit circle, the following equation is obtained
and the derivation is given in Appendix A:
UaðfÞ þ
Xn
k¼1
Fk
ðfk  fÞ
U0aðf0kÞ
x0ðf0kÞ
¼ 1
2
ðlð1Þ  lð2ÞÞj20 1þ
h
a
 2
z2F0e2id
1
f
 1
2
lð2Þj20ð1þ h=aÞ2z2F0e2id=f  gaðfÞ
f0k  1=fk ð56a;bÞ
where l(1) can be neglected for soft ferromagnetic material com-
pared with l(2).
The unknown constant terms U0aðf0kÞðk ¼ 1;2; . . . ;nÞ are deter-
mined as follows: the ﬁrst derivative of (56a) is substituted by
f0jðj ¼ 1;2; . . . ;nÞ and the following n linear equations are then
obtained:
U0aðf0jÞ þ
Xn
k¼1
Fk
ðfk  f0jÞ2
U0aðf0kÞ
x0ðf0kÞ
¼ g0a f0j
 
ðj ¼ 1;2; . . . ;nÞ ð57Þ
and are divided into real and imaginary parts, and then the 2n linear
equations are obtained. By solving these linear equations, the real
and imaginary parts of U0aðf0kÞðk ¼ 1;2; . . . ;nÞ are determined.
Another stress function is obtained from analytic continuation
of (55) as
WaðfÞ ¼ Ua 1f
 
 xð1=fÞ
x0ðfÞ U
0
aðfÞ
þ 1
2
lð1Þ  lð2Þ	 
 Z  A0ðfÞ
x0ðfÞ
 2
x0ðfÞdf ð58Þ
Stress components of (49) are expressed as follows:
rx þ ry ¼ 4Re U0aðfÞ=x0ðfÞ
 
ry  rx þ 2isxy ¼ 2 xðfÞ U
0
aðfÞ
x0ðfÞ
 0 1
x0ðfÞ þ
W0aðfÞ
x0ðfÞ
" #
þ lðHx  iHyÞ2
ð59a;bÞ
As mentioned in Appendix B, one of the most interesting things is
that the stress states of (56), (58) and (59) are the same as the pure
shear stress state ðlð1Þ  lð2ÞÞj20ð1þ h=aÞ2z2=2. This fact was al-
ready stated in (Hasebe et al., 2007; Hasebe, 2009b). Therefore, if
the magneto elastic stress state at the remote ﬁeld can be obtained,
the stress analysis of stress state (a) can be carried by usual stress
analysis under uniform shear stress. Stress components in the direc-
tion of the plate thickness are expressed by a parabolic equation of
the variable z.
The stress components rh, rr, srh tangential and normal to the
curvilinear coordinates expressed by the mapping function (3)
are calculated from
rh þ rr ¼ rx þ ry
rh  rr þ 2isrh ¼ e2ibðry  rx þ 2isxyÞ
ð60a;bÞ
where e2ib is the square of (28).
Fig. 8. Non-dimensional stress distributions rh;rx;ry= lj20ð1þ h=aÞ2z2
n o
of stress
state (a) for d = p/2 and b/a = 0.5 along the upper surface of the elliptical hole with
crack length c/a = 1.0 and the x-axis.
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The stress analysis is carried out in a similar way to stress state
(a). The following Airy stress function Fb(x,y) automatically satisfy-
ing (48) is introduced:
rx  12lðHzÞ
2  rxb ¼ @2Fb=@y2
ry  12lðHzÞ
2  ryb ¼ @2Fb=@x2
sxy  sxyb ¼ @2Fb=@x@y
ð61a—cÞ
The magneto stress components above, rxb, ryb, sxyb, must satisfy
the compatibility equation of the plane stress state (see (50)), be-
cause the corresponding deformation to the magnetic elastic stress
must be a single valued and continuous function. It is derived that
the Airy stress function, Fb(x,y), satisﬁes a bi-harmonic equation.
The boundary condition is expressed by similar equation to (52)
using H2z in (42) as follows:
rxblþ sxybmþ Tnl ¼ pxð¼ 0Þ
sxyblþ rybmþ Tnm ¼ pyð¼ 0Þ
Tn ¼ Tn1  Tn2 ¼ 12 ðl
ð1Þ  lð2ÞÞ H2z
 
 1
2
lð2ÞH2z
ð62a—cÞ
When the stress functions are expressed byU(f) andW(f), and after
(61) is substituted into the equation above, the following boundary
equation is derived:
UðrÞ þxðrÞU
0ðrÞ
x0ðrÞ þWðrÞ ¼
1
2
ðlð1Þ  lð2ÞÞ
Z
½Hzðr; rÞ2x0ðrÞdr
ð63Þ
The integration of the right-hand side in the equation above is car-
ried out in Appendix C, and the results of the integration contain
dislocation terms of which functions, fbdis(f) and fcdis(f), are ex-
pressed as follows:
1
2
ðlð1Þ  lð2ÞÞðh2=4a2Þf2f bdisðfÞ þ fcdisðfÞg ¼ 2@Fdis=@ w ð64Þ
The function, Fdis, is a stress function corresponding to the disloca-
tion functions and the physical meaning of the term 2@Fdis=@ w de-
notes the resultant forces and displacement components. Because
the stress and displacement components must be single valued
and continuous, the dislocation terms are cancelled. The boundary
condition due to stress functions, Ub(f) and Wb(f), to be achieved
is as follows:
UbðrÞ þxðrÞU
0
bðrÞ
x0ðrÞ þWbðrÞ
¼ 1
2
lð1Þ  lð2Þ	 
 Z ½Hzðr; rÞ2x0ðrÞdr 2 @Fdis
@ w
ð65Þ
Multiplying dr/[2pi(r  f)] to the equation above and carrying out
Cauchy integration on the unit circle, the following equation is
obtained.
UbðfÞ þ
Xn
k¼1
Fk
ðfk  fÞ
U0bðf0kÞ
x0ðf0kÞ
¼ ðlð1Þ  lð2ÞÞ h
2
8a2
g1ðfÞ  2g2ðfÞ þ g3ðfÞf g  gbðfÞ
f0k  1=fk
ð66a;bÞ
where the functions, gk(f) (k = 1,2,3), are given in Appendix C. The
unknown constant terms U0bðf0kÞðk ¼ 1;2; . . . ;nÞ are determined by
solving the 2n linear equations of the real and imaginary parts in
a similar way to (57).Another stress function is obtained by analytic continuation of
(65) as
WbðfÞ ¼ Ubð1=fÞ 
xð1=fÞ
x0ðfÞ U
0
bðfÞ
þ 1
2
ðlð1Þ  lð2ÞÞ
Z
½Hzðf;1=fÞ2 x0 1f
 
 1
f2
 
dfþ ðlð1Þ
 lð2ÞÞ h
2
8a2
2fbdis 1f
 
þ fcdis 1f
  
ð67Þ
Considering the dislocation terms, the stress components are ex-
pressed as follows:
rxþry¼4U
0
bðfÞ
x0ðfÞþlðHzÞ
2þ4 @
2Fdis
@w@W
 Im 4U
0
bðfÞ
x0ðfÞþ4
@2Fdis
@w@W
" #
¼2 U
0
bðfÞ
x0ðfÞ þ
U0bðfÞ
x0ðfÞ
" #
þlðHzÞ2þ2Re 2 @
2Fdis
@w@W
" #
ð68a;bÞ
2
@2Fdis
@w@W
¼ h
2
8a2
ðlð1Þ lð2ÞÞ 2 f
0
bdisðfÞ
x0ðfÞ þ
f 0cdisðfÞ
x0ðfÞ
 
ryrx¼2Re xðfÞ U
0
bðfÞ
x0ðfÞ
 0 1
x0ðfÞþ
W0bðfÞ
x0ðfÞ
" #
þRe 4@
2Fdis
@w2
" #
4
@2Fdis
@w2
¼0 ð69a—cÞ
sxy ¼ Im xðfÞ U
0
bðfÞ
x0ðfÞ
 0 1
x0ðfÞþ
W0bðfÞ
x0ðfÞ
" #
þ Im 2e2ib @
2Fdis
@w@ w
" #
rh þ rr ¼ rx þ ry
rh  rr þ 2isrh  2iIm 2 @
2Fdis
@w@ w
" #
¼ e2ibðry  rx þ 2isxyÞ
ð70a;bÞ
where e2ib is the square of (28). The term Im 2@2Fdis=@w@ w
 
ex-
presses the corresponding term to the rotation.
The ﬁnal plane stress states are obtained by the superposition of
stress states (a) and (b). It is noticed from (56) and (66) that stress
components for an arbitrary direction of the electric current cannot
be obtained by the composition of stress components of individual
current solution, for example, d = 0 and p/2.
Figs. 8 and 9 show the non-dimensional stress distributions for
d = p/2 along the x-axis and the upper surface of the elliptical
boundary for stress state (a). The stress distributions at the remote
area are tensile and compressive stresses ry;rx= lj20ð1þ
n
h=aÞ2z2g ¼ 0:5 in the y and x directions, respectively. It coincides
with Faraday Law of electric lines of the force. This stress state
shows the pure shear stress state (see Appendix C).
Fig. 9. Non-dimensional stress distributions rh;rx;ry= lj20ð1þ h=aÞ2z2
n o
of stress
state (a) for d = p/2 and b/a = 1 along the upper surface of the circular hole with
crack length c/a = 1.0 and the x-axis.
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due to the magnetic ﬁeld intensity Hz(x,y). These stress distribu-
tions are zero at the remote ﬁeld, because Hz(x,y) is zero there.
At the points K and H (see Fig. 2), the stress components are zero
for stress states (a) and (b), because they are convex points.
8. Stress analysis of rz
The stress component rz in the z direction is also caused by the
Lorentz body force. Because the plane stress state (generalized
plane stress state) is assumed from the discussion in Sections 5
and 6, the third equation of (33) is
@rz=@zþ @szz=@z ¼ @rz=@zþ 12l
ð2Þ@ H2z  H2x  H2y
 
=@z ¼ 0 ð71ÞFig. 10. Non-dimensional stress distributions rh ;rx;ry= lj20h
2
 
of stress state (b)
for d = p/2 and b/a = 0.5 along the upper surface of the elliptical hole with crack
length c/a = 1.0 and along the x-axis.
Fig. 11. Non-dimensional stress distributions rh ;rx;ry= lj20h
2
 
of stress state (b)
for d = p/2 and b/a = 1.0 along the upper surface of the circular hole with crack
length c/a = 1.0 and along the x-axis.After integrating the equation above, using the boundary condition
(44) and (45) on z = ±h/2, and considering l(2)	 l(1), the stress
component rz is expressed by
rz ¼ 12 ðl
ð2ÞHzÞ2=lð1Þ þ 12l
ð2Þ H2x þ H2y
 
þ 1
2
ðlð1Þ  lð2ÞÞ H2x þ H2y
 
z¼h=2
 1
2
ðlð2ÞHzÞ2=lð1Þ ð72Þ
Stress distribution of rz is extremely large compressive stresses
around the hole, because l(1) is extremely small. The singularity
of the order 1/r at the crack tip exists due to the term, H2x þ H2y .
However, because the ﬁrst term in (72) is extremely large, the term
H2x þ H2y can be neglected.
9. Intensity factor at the crack tip
The electric current has a singularity of 1=
ﬃﬃ
r
p
at the crack tip.
The intensity was investigated in (Hasebe et al., 2010a). It is
noticed from (21) that the magnetic ﬁeld intensities Hx(x,y,z),
Hy(x,y,z) have the same singularity as that of the electric current
at the crack tip (Hasebe, 2009b). The components near the crack
tip for a ferromagnetic material are given by the following
equations:
Hxðx; y; zÞ ¼ Hfﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p sin h
2
; Hyðx; y; zÞ ¼  Hfﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p cos h
2
ð73a;bÞ
where r is the distance from the crack tip and h is the angle mea-
sured in the counterclockwise direction. The intensity Hf is obtained
using the magnetic complex potential function A(f), (21), as follows:
Hf ¼ i
ﬃﬃﬃ
p
p
A0ðf0Þ=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
eikx00ðf0Þ
q
¼ ﬃﬃﬃpp j0ð1þ h=aÞza cos d= ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃeikx00ðf0Þq
Hf ¼ eHf j0ð1þ h=aÞz cos d ﬃﬃﬃﬃﬃﬃﬃﬃﬃ2pap
ð74a;bÞ
where k = 0 and f0 is the coordinate at the crack tip, and f0 = 1 in the
present case. The eHf is the non-dimensional intensity. It is noticed
that the intensity Hf is maximum on surfaces
S1 and S2, i.e. z = ±h/2 and for d = 0, i.e., the electric current is
parallel to the crack direction.
Fig. 12 shows the non-dimensional intensity eHf versus the crack
length c/a for some elliptical holes, and the line of eHfeq is the inten-
sity for the equivalent crack length 2acr = (2a + c), and is deﬁned as
follows:
Hfeq ¼ eHfeqj0ð1þ h=aÞz cos d ﬃﬃﬃﬃﬃﬃﬃﬃﬃ2papeHfeq ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ c=ð2aÞp = ﬃﬃﬃ2p ð75a;bÞ
The difference among values eHf and eHfeq shows the effect of the
hole.
The magnetic ﬁeld intensity Hz(x,y) does not take any singular-
ity at the crack tip (see (31)).
Stress components have a stress singularity at the crack tip. The
stress intensity factors (SIF), KIa, KIIa for stress state (a) are calcu-
lated by the following equations using (56) (Hasebe and Horiuchi,
1978):
KIa  iKIIa ¼ 2
ﬃﬃﬃ
p
p
U0aðf0Þ=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
eikx00ðf0Þ
q
eKIa ¼ KIa= lð2Þj20ð1þ h=aÞ2z2 cos 2d ﬃﬃﬃﬃﬃﬃﬃﬃﬃ2paph ieKIIa ¼ KIIa= lð2Þj20ð1þ h=aÞ2z2 sin 2d ﬃﬃﬃﬃﬃﬃﬃﬃﬃ2paph i
ð76a—cÞ
where eK Ia; eK IIa are the non-dimensional stress intensity factors and
l(1)/l(2)  0 was used. The stress intensity factors distribute with a
parabolic shape through the plate thickness. Mode I and II SIF
changes with cos2d and sin2d for electric current direction,
respectively.
Fig. 12. Non-dimensional intensities of the magnetic ﬁeld intensity versus crack
length c/a: b/a = 0.5 (solid line), b/a = 1 (dotted line), b/a = 2 (dash-dotted line) and
equivalent intensity eHfeq for crack length 2acr = (2a + c).
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line of eKIaeq is that for the equivalent crack length 2acr = (2a + c).
The equivalent SIF is deﬁned from that of a crack (Hasebe,
2009b) as follows:
KIaeq ¼ eK Iaeqlð2Þj20ð1þ h=aÞ2z2 cos 2d ﬃﬃﬃﬃﬃﬃﬃﬃﬃ2pap
KIIaeq ¼ eKIIaeqlð2Þj20ð1þ h=aÞ2z2 sin 2d ﬃﬃﬃﬃﬃﬃﬃﬃﬃ2papeKIaeq ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ c=ð2aÞp =2 ﬃﬃﬃ2peKIIaeq ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ c=ð2aÞp =2 ﬃﬃﬃ2p
ð77a—dÞ
The SIF increases with the crack length; therefore, once a crack
starts to propagate, it does not stop. When the direction of the elec-
tric current is d = p/2, the KIa takes the maximum value for each
elliptical hole. When the value takes a maximum value at the sur-
face, the stress state at the surface is severer than that in the middle
of the plate. The Mode II SIF KIIa takes maximum value for d = p/4
and 3p/4. The difference between SIF and eKIaeq shows the effect of
the magnitude of the elliptical hole.
Stress components near the crack tip for stress state (b) are
complicate because the singular values are caused by the disloca-
tion term as well as the stress functions (see (68) and (69)). How-
ever the singular order at the crack tip of the dislocation term isFig. 13. Non-dimensional stress intensity factor Modes I and II versus crack length
c/a for stress state (a): b/a = 0.5 (dash-dotted line), b/a = 1 (dotted line), b/a = 2
(solid line) and equivalent stress intensity factor eK Iaeq for crack length 2acr = (2a + c).1=
ﬃﬃ
r
p
which rises from x0(f0) = 0. The conventional functions of
SIF regarding to the argument angle are not held. The components
of SIF along the x-axis are expressed as follows:
rx ¼ KIbxﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p ; ry ¼ KIbyﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p ; sxy ¼ KIIbﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p ð78a—cÞ
The easiest way to obtain SIF is to calculate using the stress distri-
bution as follows:
KIbx
KIby
KIIb
9>=>; ¼ limr!0
rx
ry
sxy
8><>:
9>=>;
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
¼ lim
f!f0
rx
ry
sxy
8><>:
9>=>; ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2p xðfÞ xðf0Þf gp
¼
eK IbxeKIbyeK IIb
9>=>;lj20h2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pa
p
ð79Þ
The stress distributions and appropriate points f in the neighbor-
hood of the crack tip are chosen. The factors eKIbx; eKIby; eK IIb are
non-dimensional SIF.
Figs. 14 and 15 show the SIF of stress state (b). The KIby and KIbx
take always positive values for any direction of the electric current,
and it opens a crack, and increase with the crack length. Therefore
once the crack starts to propagate, it does not stop. Larger the value
b/a is, larger the SIF is. The KIby is always larger than KIbx. When the
electric current direction is d = p/2 and 3p/2, the KIby as well as KIbx
take the maximum values. The Mode II SIF is small compared with
Mode I SIF and the effect on the crack length is small. The line ofeKIbeq in Fig. 14 shows SIF of the equivalent crack length 2acr =
2a + c. The equivalent SIF is deﬁned from that of a crack (Hasebe,
2009b) as follows:
KIbeq ¼ 1=4
ﬃﬃﬃ
2
p 
lð2Þj20ðh=aÞ2a2cr sin2 d
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pacr
p
¼ eKIbeqlð2Þj20ðh=aÞ2a2 sin2 d ﬃﬃﬃﬃﬃﬃﬃﬃﬃ2pap ð80a;bÞeKIbeq ¼ 1=4 ﬃﬃﬃ2p  1þ c=2að Þ2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ c=2ap
Finally, the stress intensity factors are obtained by the superposi-
tion of the stress states (a) and (b) and are the same order in mag-
nitude, though SIF of stress state (b) in Fig. 14 looks much higher
than that of stress state (a). This comes from the deﬁnition and it
is noticed by the comparison of (77c) and (80a,b) for SIF of the
equivalent crack length (Hasebe, 2009b).
Maxwell stress components in (35) have a singularity of 1/r at
the crack tip. However as stated in Appendix C, the singularity of
the order 1/r does not appear at the crack tip. For stress state (b),Fig. 14. Non-dimensional Mode I stress intensity factors for stress state (b) versus
crack length c/a: b/a = 0.5 (dash lines), b/a = 1 (dash dotted lines), b/a = 2 (dotted
lines) and equivalent stress intensity factor eKIbeq for crack length 2acr = (2a + c).
Fig. 15. Non-dimensional stress intensity factors versus electric current direction
d(radian) for stress state (b): c/a = 0.5, 1 and 2 for b/a = 1 and b/a = 2.
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ity. However the stress component rz takes a compressive singu-
larity of the order 1/r at the crack tip, but it can be neglected
(see (72)).
10. Stress for paramagnetic and diamagnetic materials
It is interesting to state relationships of magnetic stress among
paramagnetic, diamagnetic, and ferromagnetic materials. First the
magnetic ﬁeld in the plate of the paramagnetic, diamagnetic mate-
rials is investigated. The permeability l(2) of the paramagnetic and
diamagnetic material is almost the same as that of material 1 (air),
i.e. l(2)  l(1). Therefore, from the boundary condition (16), the
magnetic ﬁeld in the plate of paramagnetic and diamagnetic mate-
rials is the same as that of the magnetic ﬁeld of material 1 (air).
Therefore, it is noticed that the magnetic ﬁeld intensity does not
depend on the permeability of materials 1 and 2, which means that
the boundary between materials 1 and 2 (existence of material 2)
does not inﬂuence on the magnetic ﬁeld.
The analytical method for the present problem is the same as
that of the elliptical hole (Hasebe et al., 2008; Hasebe, 2009b);
therefore, the analytical method is stated brieﬂy here. The mag-
netic ﬁeld caused by the electric current is divided into two ﬁelds.
Field 1: When the plate thickness is thin, the magnetic ﬂux due
to Biot–Savart law is vertical to the plate (z = 0), and then it is as-
sumed to be the magnetic components Hx(x,y,z) = Hy(x,y,z) = 0 and
Hz(x,y)– 0 in the plate. The component Hz(x,y) is derived from the
Maxwell equation and the derivation is the same as that stated for
the component Hz2(x,y) for a soft ferromagnetic material in Sec-
tion 4. The result is
Hz2ðx; yÞ ¼ ðh=2iaÞfC2ðwÞ  C2ðwÞg ¼ Hzðx; yÞ ð81Þ
where Hz1(x,y) = 0 (see Fig. 3) and the electric current density is gi-
ven by j0h/a due to Biot–Savart law (Hasebe et al., 2008).
Field 2: The magnetic ﬁeld in the plate is caused by the electric
current in the plate. Then themagnetic componentsHx(x,y,z),Hy(x, -
y,z) can be directly derived from the Maxwell equation because
Hz(x,y) is cancelled each other and is neglected (Hasebe et al.,
2008), and themagnetic potential function and the components are
AðwÞ ¼ izCðwÞ  izCðfÞ
Hxðx; y; zÞ  iHyðx; y; zÞ ¼ izfjxðx; yÞ  ijyðx; yÞg
¼  d½AðwÞ
dw
¼  A
0ðfÞ
x0ðfÞ ð82a;bÞ
Using the boundary conditions (52), stress functions for stress state
(a) in the present problem are given byUaðrÞ þxðrÞU
0
aðrÞ
x0ðrÞ þWaðrÞ
¼ 1
2
ðlð1Þ  lð2ÞÞ
Z
Hx  iHy
	 
2x0ðrÞdr
¼ ðlð1Þ  lð2ÞÞj20z2F0e2id=ð2fÞ
WaðfÞ ¼ Ua 1f
 
 xð1=fÞ
x0ðfÞ U
0
aðfÞ
þ 1
2
ðlð1Þ  lð2ÞÞ
Z
ðHx  iHyÞ2x0ðfÞdf ð83a;bÞ
One of the interesting things is that the stress functions above are
the same stress functions as (55) and (58), and the stress state is
the same pure shear stress ðlð1Þ  lð2ÞÞj20z2F0e2id=2 as mentioned
in Appendix C and (Hx  iHy)2 term does not appear in the stress
components. The only difference is the magnitude of the permeabil-
ity of l(2) when h/a in the term (1 + h/a) is neglected.
The magnetic ﬁelds Hz(x,y) of (80a,c) are the same as that of
(31) for stress state (b), and the boundary condition is also the
same as (62). Therefore, the magnetic stress functions have the
same form for paramagnetic, diamagnetic and soft ferromagnetic
materials for stress state (b). The difference is only the magnitude
of l(2). From the discussion above, the stress functions for the all
magnetic materials have the same form as that of each stress state
(a) and (b). However the stress values of paramagnetic and dia-
magnetic materials are extremely small, because the magnitude
of (l(1)  l(2)) is extremely small. For paramagnetic material,
(l(1)  l(2)) > 0 and for diamagnetic material, (l(1)  l(2)) < 0;
therefore, the sign of the stress component is different. If to obtain
the magnetic ﬁeld of paramagnetic material is easier than that of
soft ferromagnetic material, stress analysis may be carried out by
using the magnetic ﬁeld of paramagnetic material and can be ap-
plied to a soft ferromagnetic material. This fact was already stated
in (Hasebe, 2009b).
It is noticed that stress state (a) is derived from the real part of
the electric potential function C(f) (see (5), (6), and (11)), and stress
state (b) is derived from the imaginary part of the electric potential
functionC2(f) (see (10) and (31)).
Though the stress components are expressed by the same stress
functions for the case of l(2)	 l(1) and l(2)  l(1) for a linear mag-
netic material, it is not sure whether the stress components for the
magnetic material with the intermediate permeability are the
same as those of soft ferromagnetic, paramagnetic and diamag-
netic materials. To obtain the magnetic ﬁeld for the intermediate
permeability, the magnetic ﬁeld problem of bi-material must be
solved. However actual engineering magnetic materials have the
permeability either l(2)	 l(1) or l(2)  l(1).
In a similar way to using (72), stress component rz for paramag-
netic and diamagnetic materials can be derived and are different
from those of soft ferromagnetic material, because Hx and Hy are
different, but the magnitude of the stress for paramagnetic and
diamagnetic materials is extremely small (see Section 8).11. Conclusions
Using a rational mapping function, the analyses of the electric
current, the magnetic ﬁeld and the magnetic stress were carried
out. The closed form solutions were obtained for each problem. If
Fk = 0 (k = 1,2, . . . ,n(=24)) are taken in these solutions, the solutions
for an elliptical hole can be obtained. When the semi-axes a = 0,
b– 0, and the crack length c– 0, the solution of a T shaped crack
can be obtained for each problem. If the coefﬁcients of the mapping
function (3) are changed, other geometric shapes can be analyzed,
for examples, a square hole with a crack (Hasebe and Ueda, 1980),
and a kinked crack (Hasebe and Inohara, 1981b). The radius of
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sity factor can be calculated directly.
According to the electro-magneto theory, only Maxwell stress is
caused as a body force by electric current in the plate. Therefore,
the magneto stress was analyzed subjected to Maxwell stress.
The linear constitutive equation was used for the stress analysis
which was carried out for soft ferromagnetic, paramagnetic and
diamagnetic materials. As the result, the stress functions of those
materials for plane stress state are the same form, though the
respective magnetic ﬁelds Hx, Hy and j0 and j0(1 + h/a) for the elec-
tric current density are different. This mechanical truth comes
from a linear magnetic material. If to obtain the magnetic ﬁeld of
paramagnetic material is easier than that for soft ferromagnetic
material, the stress analysis may be carried out using the magnetic
ﬁeld of the paramagnetic material and the solution can be applied
for soft ferromagnetic materials.
The stress of rz is different for the respective materials. The
stress rz in the plate is strong compressive stress around the hole
for a soft ferromagnetic material (see (72)).
No further assumptions for the stress analysis using Maxwell
stress have been made except the approximation of the plane
stress state in which the plate is thin, though Maxwell stress com-
ponents and the boundary condition are expressed by nonlinear
terms. The boundary condition expressed by Maxwell stress (see
(40)) is the precise one and is completely satisﬁed without any lin-
earized assumptions on the boundary. The magneto elastic stress
analysis using Maxwell stress is straightforward and acceptable.
The magnetic ﬁelds in the plate consist of Hx, Hy caused through
Surfaces 1 and 2 and caused directly by the electric current in
the plate, and Hz(x,y) caused through Surface 3 for soft ferromag-
netic material. The magnetic ﬁeld is essentially three-dimensional
one; therefore, to obtain a precise two-dimensional magnetic ﬁeld
in the plate is necessary to analyze as a two-dimensional magneto
elastic problem.
Stress state (a) caused by the magnetic ﬁeld Hx, Hy is the same
as the stress ﬁeld under uniform shear stress (see Appendix B).
Therefore, the stress functions of stress state (a) for a thin plate
with a hole of an arbitrary shape under uniform magnetic ﬁeld
are given by the stress functions for uniform shear stress
ðlð1Þ  lð2ÞÞj20ð1þ h=aÞ2z2=2  s0 or superposition of stress states
subject to tension in the direction of electric current and compres-
sion in the perpendicular to the electric current at the remote ﬁeld.
This fact comes from the electric force line of Faraday’s law. Stress
components for an inﬁnite plate with an arbitrary shaped hole can
be given by the results of (Hasebe et al., 2001, 2007) or pure shear
stress analysis, for example, (Hasebe and Ueda, 1980). The stress
intensity factors for stress state (a) are given by (76). When the
crack length becomes larger, the effects of the elliptical hole on
SIF Mode I become smaller, but its effects on SIF Mode II remain
(see Fig. 13). The stress components are changed by e2id for the
direction of the electric current; therefore, stress components
and stress intensity factors for an arbitrary direction of the mag-
netic ﬁeld cannot be obtained by the composition of individual
stress components and stress intensity factors, for example, d = 0
and p/2.
Stress state (b) is caused by the magnetic ﬁeld of state 2,
Hz2(x,y) (see Fig. 3). The stress order of stress states (a) and (b) is
the same one in the magnitude (see Figs. 8–11). The right hand side
of (63) causes a dislocation term for the displacement components
and the resultant forces (see (65) and Appendix C). Therefore, this
dislocation term must be canceled in order that the displacement
components and the resultant forces are single valued, and the
rotation term appears in the stress component equations (see
(70b)). Stress intensity factor on the x-axis is expressed by (79)
and KIby– KIbx. The conventional function of SIF regarding to the
argument of the angle h does not hold. The KIby and KIbx are alwayspositive values for any direction of the electric current (see Fig. 15).
The SIF KIby increases with the crack length, therefore, once a crack
starts to propagate, it does not stop.
The intensity of magnetic ﬁeld Hf becomes larger with the crack
length increasing. Magnetic ﬁelds Hx, Hy have a singularity of order
1=
ﬃﬃ
r
p
at the crack tip, but magnetic ﬁeld Hz(x,y) does not have a
singularity at the crack tip and takes a ﬁnite value. Maxwell stress
components H2x ;H
2
y have a singularity of order 1/r, and do not ap-
pear in the stress components; therefore the singularity of order
1/r does not appear in the stress components (see Appendix B).
The magnetic ﬁeld intensity Hð1Þz ðx; yÞ is very large on the surface
around a hole (see (32)).
The saturation of the magnetic ﬁeld is not considered due to the
assumption of the linear constitutive equation for the magnetic
material. The linearized magnetic stress analysis can be seen as
an analogue to the elastic analysis for the real elastic–plastic
materials.
Appendix A. Derivation of (56)
The conjugate of the integrand in the right hand side of (55) is
expressed as follows:
 A
0ðrÞ
x0ðrÞ
 2
x0ðrÞ¼ ij0 1þ
h
a
 
z
 2 eidF0þeidF0=r2	 
2
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k¼1
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ðfkrÞ2
 F25r2
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z2F0
e2idr2nþ42e2idPnk¼1fkr2nþ3þ . . .
r2nþ42Pnk¼1fkr2nþ3þ . . .
¼j20 1þ
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a
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z2F0
e2idr2nþ42e2idPnk¼1fkr2nþ3þ . . .
ðra1Þðra2Þ . . .ðra2nþ2Þr2
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z2F0 e2idþ
X2nþ2
i¼1
bi
raiþ
b2nþ3
r þ
b2nþ4
r2
" #
¼j20 1þ
h
a
 2
z2F0
e2idr2nþ4 e2idP2nþ2k¼1 akP2nþ3k¼1 bk r2nþ3þ . . .
r2nþ4P2nþ2k¼1 akr2nþ3þ . . .
ðA1Þ
where F0 ¼ F0, and jakj < 1 (k = 1,2, . . . ,2n + 2) because x0(r) does
not have zeros outside of the unit circle due to the property of
the conformal mapping. The integral of the conjugate of (A1) isZ
 A
0ðrÞ
x0ðrÞ
 2
x0ðrÞdr ¼ j20 1þ
h
a
 2
z2F0

e2id 1rþ
P2nþ2
i¼1
bi logðr 1aiÞ
 P2nþ3
i¼1
bi logr b2nþ4r
26664
37775þ constant
ðA2Þ
where r ¼ 1=r was used. According to the identity of the second,
third and ﬁfth equalities of (A1), the following relations can be ob-
tained by comparing the coefﬁcients of r2n+3 in the numerator and
denominator, respectively:
X2nþ2
k¼1
ak ¼ 2
Xn
k¼1
fk; e
2id X2nþ2
k¼1
ak 
X2nþ3
k¼1
bk ¼ 2e2id
Xn
k¼1
fk ðA3a;bÞ
and then the following equation is obtained:
X2nþ3
k¼1
bk ¼ 0 ðA4Þ
Therefore, the third term in [ ] of (A2) disappears.
Multiplying dr/[2pi(r  f)] to (55) using (A2), and carrying out
Cauchy integration on the unit circle, and considering that 1=ak is
outside of the unit circle, the following equation for the right hand
side is obtained:
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2pi
Z R  A0 ðrÞx0ðrÞh i2x0ðrÞdr
r f dr ¼ j
2
0 1þ
h
a
 2
z2F0e2id
1
f
ðA5Þ
The constant term being appeared in (A5) is omitted because it re-
lates to the displacement condition and does not to the stress com-
ponents. A similar derivation was given in (Hasebe et al., 2001,
2007), in which (A4) was used after Cauchy integral. In the present
paper, (A4) was used before Cauchy integral.Appendix B. Stress of stress state (a)
Substituting (58) into (59), it is noticed that the magnetic stres-
ses are expressed by the following equations:
rx þ ry ¼ 4Re U0aðfÞ=x0ðfÞ
 
ry  rx þ 2isxy ¼ 2 xðfÞ U
0
aðfÞ
x0ðfÞ
 0 1
x0ðfÞ þ
W0aðfÞ
x0ðfÞ
" #
ðB1a;bÞUaðfÞ þ
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U0aðf0kÞ
x0ðf0kÞ
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ðlð1Þ  lð2ÞÞj20 1þ
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z2F0e2id
1
f
ðB2a;bÞ
WaðfÞ ¼ Ua 1f
 
 xð1=fÞ
x0ðfÞ U
0
aðfÞ
The terms regarding to Maxwell stress terms of l(Hx  iHy)2 in (58)
and (59) are not included. It is also noticed that (B2) is the same as
the stress functions of pure shear stress subjected to
ðlð1Þ  lð2ÞÞj20ð1þ h=aÞ2z2=2  s0, or superposition of stress states
subjected to tension in the direction of electric current and com-
pression in the perpendicular to the electric current. The same thing
above was mentioned in (Hasebe et al., 2007), in which the plate
with any geometrical hole is applied by uniform magnetic ﬁeld at
the remote ﬁeld and the uniform magnetic ﬁeld H20 corresponds
to j20ð1þ h=aÞ2z2 which is given by the electric current in the present
paper (the deﬁnition of d is different in the respective papers).
Therefore stress state (a) for the thin plate with a hole of an arbi-
trary shape under uniform electric current is given by using the re-
sult of Hasebe et al. (2007).
Equations (B1) and (B2) are also directly derived from that
because Maxwell stress terms in (47) disappear using Maxwell
equation, the problem becomes a usual boundary value problem
of the plane stress state under uniform pure shear stress at the
remote ﬁeld (Hasebe, 2009b).
The singularity of the order 1/r of Maxwell stress does not
appear at the crack tip, because (B1) and (B2) do not contain
Maxwell stress components.Appendix C. Derivation of stress functions Ub(f) and Wb (f)
The right hand-side of the boundary condition (63) is expressed
using (31) as follows:
1
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x0ðrÞdr ðC1Þ
The respective integrations in the equation above are carried out.(1) Term
R ½C2ðrÞ2x0ðrÞdr  faðrÞ. The function C2(r) is a holo-
morphic function in the outside of the unit circle, and the
result of the integration is also holomorphic, and the follow-
ing result by the Cauchy integral is obtained:1
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The integral is a little bit tedious and the result of the inte-
gration is as follows:fbðrÞ ¼ j20F0
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In the above equation, the points of f0k; f
0
jðk; j ¼ 1;2; . . . ;nÞ are out-
side of the unit circle and the points of fk, fj(k, j = 1,2, . . . ,n) are in-
side of the unit circle (see (3)). The log terms, log(f  fk)
(k = 1,2, . . . ,n) and logf, have branches between the inﬁnity and
the points fk and between the inﬁnity and the origin, respectively.
The branches cross the boundary line of the unit circle. Therefore,
the terms log(f  fk) and logf cause the dislocations of the resultant
force and also the displacement component. The term logðf f0jÞ has
a branch between the inﬁnity and the point f0j, and the branch is in
the outside of the unit circle and does not cross the boundary line of
the unit circle. Therefore, the term logðf f0jÞ does not cause the
dislocation of the resultant force and also the displacement
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do not cause the dislocation. The dislocation terms which cause
the discontinuity of the resultant force and the displacement must
be excluded, because they must be continuous and single valued. To
cancel the dislocations, the following dislocation terms are consid-
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and the stress and displacement components are single valued and
continuous. The following Cauchy integration is carried out:1
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(3) Term
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The above equation also includes the dislocation terms. To cancel
the dislocation of the resultant force and displacement, the follow-
ing dislocation terms are considered:
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Then the term fc(r)  fcdis(r) does not include the dislocation terms
and the following Cauchy integration is carried out:
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